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1. Introduction
In this paper, we will show that for a ﬁxed integer m  2, there are only ﬁnitely many distance-
regular graphs with smallest eigenvalue at least −m, diameter at least three, intersection number c2
at least two which are not the point graph of a partial linear space. This result generalizes earlier
results of R.C. Bose [6] and A. Neumaier [19] for strongly regular graphs, and of C.D. Godsil [15] for
antipodal distance-regular graphs with diameter 3. For deﬁnitions, see Section 2.
Note that any connected graph has smallest eigenvalue at most −1 with equality if and only if the
graph is complete. For connected regular graphs with smallest eigenvalue at least −2, it was shown
by P.J. Cameron et al. [9], cf. [7, Theorem 3.12.2], that either it is a line graph, a cocktail party graph,
or the number of vertices is at most 28.
To introduce the results of R.C. Bose, A. Neumaier and C.D. Godsil mentioned above, we will ﬁrst
recall the notion of a Delsarte clique in a distance-regular graph. Recall that a clique in a graph is a
set of pairwise adjacent vertices. Let Γ be a distance-regular graph with valency k, diameter D  2
and the smallest eigenvalue θD . Then any clique C in Γ contains at most 1 + k/(−θD) vertices. This
was shown by P. Delsarte [12] for strongly regular graphs and C.D. Godsil generalized it to distance-
regular graphs. A clique C in Γ is called a Delsarte clique if C contains exactly 1 + k/(−θD) vertices.
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code with covering radius D − 1. Moreover, the outer distribution numbers of a Delsarte clique are
completely determined by the intersection numbers of Γ and hence do not depend on the speciﬁc
Delsarte clique, cf. [14, Section 13.7]. Note that for a distance-regular graph which contains a Delsarte
clique, its smallest eigenvalue must be integral as k/(−θD) is integral.
C.D. Godsil [15] introduced the following notion of a geometric distance-regular graph. A non-
complete distance-regular graph Γ is called geometric if there exists a set of Delsarte cliques C such
that each edge of Γ lies in a unique C ∈ C . We will also say that Γ is geometric with respect to C in
this case.
There are many examples of geometric distance-regular graphs such as the Hamming graphs, the
Johnson graphs, the Grassmann graphs, the dual polar graphs, the bilinear forms graphs and so on.
Note that a set C of Delsarte cliques for a geometric distance-regular graph does not have to be
unique. For example, in the Johnson graph J (2t, t), t  2, there are (exactly) two different sets of
Delsarte cliques such that J (2t, t) is geometric with respect to either one of them.
The deﬁnition of geometric distance-regular graphs for diameter two is equivalent to the notion of
geometric strongly regular graphs as introduced by R.C. Bose [6]. In the last section, we will discuss
the Johnson graphs and the Grassmann graphs as geometric distance-regular graphs.
The notions of Delsarte pairs and Delsarte set graphs as deﬁned in [2] and [3] are slightly more
general than the notion of geometric distance-regular graphs.
Let Γ be a geometric distance-regular graph with valency k, diameter D and the smallest eigen-
value θD and assume that Γ is geometric with respect to C . Then the pair G := (V (Γ ), C) is a partial
linear space1 (where a vertex x is incident with a clique C if and only if x ∈ C ) of order (s, t) where
s = k/(−θD) and t = −θD − 1. This partial linear space is an example of a distance-regular geometry
as deﬁned in F. De Clerck, S. De Winter, E. Kuijken and C. Tonesi [11]. The incidence graph of G is an
example of a distance-semiregular graph as introduced by H. Suzuki [21].
A graph Γ is called coconnected when its complement graph (i.e., the graph with vertex set V (Γ )
whose edges are all the non-edges of Γ ) is connected. Note that the only non-complete distance-
regular graphs which are not coconnected are the complete multipartite graphs Kt×n with t,n 2 (cf.
[7, Lemma 1.1.7]).
In [19], A. Neumaier has shown the following result.
Theorem 1.1. (A. Neumaier [8, Theorem 4.6]) Fix an integer m  2. Then, there are only ﬁnitely many con-
nected, coconnected and non-geometric strongly regular graphs with smallest eigenvalue at least −m.
In the next result, we generalize Theorem 1.1 to the class of distance-regular graphs.
Theorem 1.2. Fix integers m  2 and D  2. Then there are only ﬁnitely many coconnected non-geometric
distance-regular graphs with smallest eigenvalue at least −m and diameter D.
In the following theorem, we show that we can replace the condition of a ﬁxed diameter by a
condition on the intersection number c2.
Theorem 1.3. Fix an integer m  2. Then there are only ﬁnitely many coconnected non-geometric distance-
regular graphs with smallest eigenvalue at least −m, and intersection number c2 at least 2.
A.E. Brouwer, A.M. Cohen and A. Neumaier [7, p. 130] asked whether any distance-regular graph
with valency k  3 and diameter D  3 always has an integral eigenvalue θ = k. Theorem 1.3 gives a
partial answer to this problem since the smallest eigenvalue of any geometric distance-regular graph
is integral.
1 A partial linear space of order (s, t) is an incidence structure of points and lines such that each line has s + 1 points, each
point is on t + 1 lines and any two distinct lines meet in at most one point.
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many distance-regular graphs with valency k. This implies that the condition c2  2 can be replaced
by the condition that the valency is at least three in Theorem 1.3. Note that the odd polygons are
non-geometric distance-regular graphs with smallest eigenvalue > −2.
A. Neumaier [19] also showed that except for a ﬁnite number of graphs, all geometric strongly
regular graphs with a given smallest eigenvalue are either Latin square graphs or Steiner graphs (cf.
[8, Theorem 4.6]; we will discuss them in more detail in the last section). In [24], R.M. Wilson showed
that there are super-exponentially many Steiner graphs with parameters (v,k, λ,μ) = (v,3s, s + 3,9)
for v = (s+1)(2s+3)3 where s ≡ 0 or 2 (mod 3) and s  6. There are super-exponentially many Latin
square graphs for certain parameter sets, see [8, p. 210]. This shows that the above-mentioned result
of A. Neumaier is the best we can hope for the case of distance-regular graphs of diameter two. We
will discuss the situation for geometric distance-regular graphs with diameter at least three in the
last section.
The paper is organized as follows. In Section 2, we review some deﬁnitions and basic concepts.
In Section 3, we present several useful results which we will use in the proofs of the above two
theorems. In Section 4, we give some properties of geometric distance-regular graphs. In Section 5,
we show, using results of K. Metsch, that the distance-regular graphs with ﬁxed smallest eigenvalue
and intersection number c2 small compared to a1, are geometric. This result in combination with
the results in Section 3 implies Theorem 1.2. In Section 6, we study the distance-regular Terwilliger
graphs with ﬁxed smallest eigenvalue and c2  2, and give a proof of Theorem 1.3. In the last section
we will discuss the geometric distance-regular graphs in more detail and we end the paper with three
conjectures.
2. Deﬁnitions
All the graphs considered in this paper are ﬁnite, undirected and simple (for unexplained termi-
nology and more details, see for example [7]).
Let Γ = (V (Γ ), E(Γ )) be a graph. We write x ∼Γ y or simply x ∼ y if two vertices x and y are
adjacent in Γ . For a vertex x of Γ , let Γ (x) := {y | y ∼ x} and the valency of x, denoted by k(x), is
the number of neighbours of x, |Γ (x)|. The local graph of a vertex x is the subgraph of Γ induced
by Γ (x). We say that Γ is regular with valency k or k-regular if k(x) = k for all vertices x of Γ .
A k-regular graph Γ on v-vertices is called a strongly regular graph with parameters (v,k, λ,μ) if
there are constants λ and μ such that for any two distinct vertices x and y, the number of common
neighbours of x and y is equal to λ if x ∼ y and μ otherwise. The adjacency matrix A = A(Γ ) of Γ is
the (|V (Γ )| × |V (Γ )|)-matrix with rows and columns are indexed by V (Γ ), and the (x, y)-entry of A
is equal to 1 whenever x ∼ y and 0 otherwise. The eigenvalues of Γ are the eigenvalues of A and
real as A is a real symmetric matrix.
For the rest of this section, let Γ be a connected graph. The distance d(x, y) between any two
vertices x, y of Γ is the length of a shortest path between x and y in Γ . The diameter of Γ is
the maximal distance occurring in Γ and we will denote this by D = D(Γ ). For a vertex x ∈ V (Γ ),
deﬁne Γi(x) to be the set of vertices which are at distance i from x (0  i  D). In addition, deﬁne
Γ−1(x) := ∅ and ΓD+1(x) := ∅. Note that Γ (x) deﬁned above is exactly the same as Γ1(x). A graph Γ
with diameter D is called antipodal if for any vertices x, y, z with d(x, y) = D = d(y, z), exactly one of
d(x, z) = D and x = z holds.
A graph Γ with diameter D is called distance-regular if there are integers bi, ci (0  i  D) such
that for any two vertices x, y ∈ V (Γ ) with d(x, y) = i, there are precisely ci neighbours of y in
Γi−1(x) and bi neighbours of y in Γi+1(x) (cf. [7, p. 126]). In particular, distance-regular graph Γ
is regular with valency k := b0 and we deﬁne ai := k − bi − ci for notational convenience. The num-
bers ai , bi and ci (0 i  D) are called the intersection numbers of Γ . Note that bD = c0 = a0 = 0 and
c1 = 1. The intersection numbers of a distance-regular graph Γ with diameter D and valency k satisfy
(cf. [7, Proposition 4.1.6])
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(ii) 1 = c1  c2  · · · cD ;
(iii) bi  c j if i + j  D .
Moreover, if we ﬁx a vertex x of Γ and deﬁne ki := |Γi(x)|, then ki does not depend on the choice
of x as ci+1ki+1 = biki for i = 1,2, . . . , D − 1. Note that the non-complete connected strongly regular
graphs are exactly the distance-regular graphs with diameter two.
For the rest of this section, let Γ be a distance-regular graph with diameter D . Let C,C ′ ⊆
V (Γ ) be non-empty subsets and x be a vertex of Γ . We write d(x,C) := min{d(x, y) | y ∈ C} and
d(C ′,C) := min{d(x, y) | x ∈ C ′, y ∈ C}. The covering radius of C , denoted by ρ(C) is deﬁned as
ρ(C) := max{d(x,C) | x ∈ V (Γ )}, and deﬁne Ci := {x ∈ V (Γ ) | d(x,C) = i} (0 i  ρ(C)). For x a ver-
tex of Γ and C a non-empty subset of V (Γ ), we write Bxi(C) := |C ∩ Γi(x)|. The numbers Bxi(C),
i = 0,1, . . . , D , are called the outer distribution numbers of C . A non-empty subset C ⊆ V (Γ ) with cov-
ering radius ρ is called a completely regular code, if the outer distribution number Bxi(C) is dependent
only on i and d(x,C), that is, there exist numbers e i ( = 0,1, . . . , ρ , i = 0,1, . . . , D) such that for all
vertices x of Γ and i ∈ {0,1, . . . , D}, we have Bxi(C) = e i where  = d(x,C). We refer to the num-
bers e i as the outer distribution numbers of the completely regular code C and write ψi(C) := eii for
i = 0,1, . . . , ρ(C).
A partition Π = {P1, P2, . . . , P} of V (Γ ) into non-empty parts is called equitable if there are con-
stants βi j such that each vertex x ∈ Pi has exactly βi j neighbours in P j (1 i, j  ). The quotient ma-
trix of Π is the (× )-matrix Q = Q (Π) deﬁned by Q ij := βi j for 1 i, j  . An equitable partition
Π of V (Γ ) is called a uniformly regular partition if there exist numbers e01 and e11 such for any C ∈ Π
and x ∈ V (Γ ), the number Bx1(C) is equal to e1 if  ∈ {0,1} and zero otherwise, where  = d(x,C).
Moreover, a uniformly regular partition Π of V (Γ ) is called a completely regular partition if each C ∈ Π
is a completely regular code and the outer distribution numbers for all C ∈ Π are the same.
Suppose that Γ is a distance-regular graph with valency k 2 and diameter D  2, and A = A(Γ )
is the adjacency matrix of Γ . It is well-known that Γ has exactly D + 1 distinct eigenvalues, k = θ0 >
θ1 > · · · > θD (cf. [7, p. 128]). For an eigenvalue θ of Γ , the sequence ui = ui(θ) (0 i  D) satisfying
u0 = 1, u1 = θ
k
and ciui−1 + aiui + biui+1 = θui (1)
is called the standard sequence corresponding to θ (cf. [7, p. 128]). It is known that the standard
sequence corresponding to θi has exactly i sign changes (cf. [7, Corollary 4.1.2]).
3. Some useful results
In this section, we list a number of preliminary results.
Lemma 3.1. Suppose that Γ is a connected regular graph with valency k 2 and diameter D  3. Then Γ has
an eigenvalue θ different from k satisfying
|θ | >
√
k
2
.
Proof. Suppose that Γ has n vertices and let k = η1 > η2  · · · ηn be the eigenvalues of Γ . Let A
be the adjacency matrix of Γ . It is well-known (cf. [5, Lemma 2.5]) that
n∑
i=1
η2i = Tr
(
A2
)= nk,
where Tr(A2) is the trace of A2. Let x, y be two vertices in Γ at distance 3. Then n  |Γ (x) ∪
{x} ∪ Γ (y) ∪ {y}| = 2k + 2. It follows that ∑ni=2 η2i = (n − k)k > nk/2. This immediately proves
Lemma 3.1. 
Next we show two results on distance-regular graphs with smallest eigenvalue at least −m.
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least −m, valency k 2, diameter D  2 and intersection number a1 . Then
k <m(a1 +m).
Proof. Let θD be the smallest eigenvalue of Γ . Since the standard sequence of θD has exactly D
sign changes, it follows that u2(θD) > 0. By (1), we have u2(θD) = θ
2
D−a1θD−k
k(k−a1−1) , and by using θD −m,
Lemma 3.2 follows. 
Theorem 3.3. Fix a real number  , 0 <  < 1, and integers m  2 and D  3. Then there are only ﬁnitely
many distance-regular graphs with smallest eigenvalue at least −m, diameter D and intersection numbers a1 ,
c2 satisfying c2  a1 .
Proof. For a given real number  , 0<  < 1, and for given integers m 2 and D  3, suppose that Γ
is a distance-regular graph with valency k  2 and diameter D such that its smallest eigenvalue is at
least −m and its intersection numbers a1, c2 satisfy c2  a1. We will show that
k < D2
(
2m2

)2D+4
(2)
holds, from which Theorem 3.3 immediately follows, as the diameter D is ﬁxed.
By Lemma 3.2, we have k <m(a1 +m) and hence, if a1 = 0, then k <m2 and we are done. Hence,
in order to show Inequality (2), we may assume that a1 = 0 and k 2m2( 2m2 )2D D2.
As k <m(a1 +m) and c2  a1, we ﬁnd
b1
c2
<
(m − 1)(a1 +m + 1)
a1
<
2m2

. (3)
As bi−1  bi and ci  ci+1 hold for all i = 1, . . . , D − 1 and by using Inequality (3), we obtain
ki+1 = bi
ci+1
ki 
b1
c2
ki <
(
2m2

)i
k (i = 1, . . . , D − 1).
This implies
∣∣V (Γ )∣∣=
D∑
i=0
ki <
(
2m2

)D
Dk. (4)
Now Lemma 3.1 implies that θ1 >
√
k
2 as k > 2m
2, and thus from (4) we obtain
0 = Tr(A) =
D∑
i=0
miθi >m1θ1 −m
∣∣V (Γ )∣∣>
√
k
2
m1 −m
(
2m2

)D
Dk. (5)
By [7, Proposition 4.4.8] and by Inequality (5) with k  2m2( 2m2 )2D D2, it follows 2 < m1 < k.
This in turn implies, by [7, Theorem 4.4.4] that any local graph of Γ has an eigenvalue η, where
η := −1− b1
θ1+1 . As any eigenvalue of a subgraph of Γ is at least the smallest eigenvalue of Γ , η−m
holds. As b1  c2 holds by D  3, it follows that k < m(a1 +m)  2m2a1  2m2 c2  2m
2
 b1 which in
turn implies
θ1 
b1
m − 1 − 1>
k
2m2(m − 1) − 1
k
2m3
. (6)
Moreover, by Inequalities (4), (5) and (6),
m1
k
2m3
<m1θ1 <m
(
2m2

)D
Dk,
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m1 < Dm
2
(
2m2

)D+1
< D
(
2m2

)D+2
.
As 2k (m1 −1)(m1 +2), by [7, Theorem 5.3.2], we ﬁnd 2k (m1 −1)(m1 +2) < 2D2( 2m2 )2D+4 holds,
and this completes the proof. 
Now, we consider diameter bounds for distance-regular graphs. A special case of the diameter
bound given by A.A. Ivanov ([17], cf. [7, Theorem 5.9.8]) gives that the diameter of a distance-regular
graph with valency k and c2  2 satisﬁes D  4k . As there are only ﬁnitely many connected non-
isomorphic k-regular graphs with diameter at most 4k , we obtain the following theorem.
Theorem 3.4. Fix an integer k  3. Then there are only ﬁnitely many distance-regular graphs with valency k
and intersection number c2  2.
The next diameter bound is due to P. Terwilliger ([23], cf. [7, Corollary 5.2.2]).
Theorem 3.5. Suppose that Γ is a distance-regular graph with valency k 2, diameter D  2 and intersection
numbers a1 and cD . If Γ contains an induced quadrangle, then
D  k + cD
a1 + 2 
2k
a1 + 2 .
Proposition 3.6. Fix an integer m  2. Suppose that Γ is a distance-regular graph with smallest eigenvalue
at least −m, valency k 2, diameter D  2 and intersection number a1 . If Γ contains an induced quadrangle,
then
D <
2m(a1 +m)
a1 + 2 m
2.
Proof. The result follows immediately from Lemma 3.2 and Theorem 3.5. 
4. Properties of geometric distance-regular graphs
In this section, we will give some properties of geometric distance-regular graphs, which we will
need later in this paper.
First, we recall the notion of a Delsarte pair as introduced by S. Bang, A. Hiraki and J. Koolen [2].
Suppose that Γ is a non-complete distance-regular graph with valency k, diameter D and the smallest
eigenvalue θD , and that C is a set of Delsarte cliques in Γ . Then the pair (Γ, C) is called a Delsarte
pair with parameters (k,k/(−θD ),nC), if every edge lies in exactly nC cliques of C , where nC  1 (cf.
[2, Deﬁnition 1.1]).
Suppose that Γ is a geometric distance-regular graph with respect to C , that is, (Γ, C) is a Delsarte
pair with nC = 1. Recall that for a Delsarte clique C , the numbers ψi(C) for i = 1,2, . . . , D − 1 are
dependent only on the intersection numbers of Γ . Hence, we can write ψi := ψi(C) for C ∈ C . In
[2, Lemma 4.1, Proposition 4.2 (i)], we showed that for any ﬁxed integer j, 1  j  D , and for any
vertices x, y at distance j, the number of cliques C ∈ C that contain y and satisfy d(x,C) = j − 1 is
dependent only on j and nC (and not on the particular pair of x, y at distance j) and we denote
this number by τ j := τ j(C). Note that the numbers ψi and τ j do not depend on the particular set of
Delsarte cliques.
The next lemma is a direct consequence of [2, Proposition 4.2 (i)] with nC = 1.
Lemma 4.1. Suppose that Γ is a geometric distance-regular graph with valency k  2, diameter D  2 and
smallest eigenvalue θD . Then the following hold:
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(
1+ k−θD − ψi
)
(1 i  D − 1),
ci = τiψi−1 (1 i  D).
A distance-regular graph does not need to be geometric even though its intersection numbers sat-
isfy the equations in Lemma 4.1 for some non-negative integers τi,ψi−1 (i = 1,2, . . . , D). For example,
the Doob graph D(s, c) (the direct product of s Shrikhande graphs and c 4-cliques with s 1) is non-
geometric and it has the same intersection numbers with the Hamming graph H(2s + c,4) which is
geometric.
Part (ii) of the next lemma is a direct consequence of [2, Lemma 5.1 (iii)], but we include its proof
for completeness.
Lemma 4.2. Suppose that Γ is a geometric distance-regular graph with diameter D  2 and intersection
number c2 at least two. Then the following holds:
(i) τ2 ψ1 .
(ii) Γ contains an induced quadrangle.
Proof. Let C be a set of Delsarte cliques with respect of which Γ is geometric. Let x, y be any two
vertices of Γ at distance 2. Let z be a common neighbour of x and y, and let C be the unique clique
in C containing x and z. Put Γ (y) ∩ C := {z1, . . . , zψ1 }. Then each edge {y, zi} lies in a unique clique
C(i) ∈ C , 1 i ψ1.
(i): As C(i) = C( j) holds for any i = j, the result (i) follows.
(ii): If ψ1 = 1, then the local graph of any vertex is a disjoint union of cliques, and the result holds
as c2  2. Now, suppose ψ1  2. Then there exists a vertex w ∈ C(ψ1) ∩ Γ (x) such that w  z1 holds,
by the deﬁnition of ψ1 and z1 ∼ y. Hence the subgraph induced on x, y, z1,w is a quadrangle. This
shows (ii). 
By applying Lemma 4.2 (ii) to Proposition 3.6, we obtain the following diameter bound for geo-
metric distance-regular graphs.
Proposition 4.3. Fix an integer m  2. Suppose that Γ is a geometric distance-regular graph with smallest
eigenvalue −m, diameter D  2 and intersection number c2 . If c2  2 holds, then
D <m2.
5. Distance-regular graphs with small c2
In this section, we will show that any distance-regular graphs with intersection number c2 much
smaller then a1 are geometric. Also we will show Theorem 1.2.
To show any distance-regular graphs with intersection number c2 much smaller then a1 are geo-
metric, we ﬁrst state the following result of K. Metsch.
Proposition 5.1. (K. Metsch [18, Result 2.1]) Let k  2, μ  1, λ  0, s  1 be integers. Suppose that Γ is a
k-regular graph such that any two non-adjacent vertices have at most μ common neighbours, and any two
adjacent vertices have exactly λ common neighbours. Deﬁne a line to be a maximal clique C in Γ such that C
has at least λ + 2− (s − 1)(μ − 1) vertices. If
(i) λ > (2s − 1)(μ − 1) − 1 and
(ii) k < (s + 1)(λ + 1) − s(s + 1)(μ − 1)/2
both hold, then every vertex is in at most s lines, and each edge lies in a unique line.
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Proposition 5.2. Fix an integer m 2. Suppose that Γ is a distance-regular graph with smallest eigenvalue at
least −m, valency k 3, diameter D  2 and intersection numbers a1 and c2 . We deﬁne a line to be a maximal
clique C in Γ such that C has at least a1 + 2− (m − 1)(c2 − 1) vertices. If a1 >m2c2 , then every vertex is in
at most m lines, and each edge lies in a unique line.
Proof. Suppose that Γ is a distance-regular graph with smallest eigenvalue at least −m, valency
k 3, diameter D  2 satisfying a1 >m2c2. By Proposition 5.1, it is enough to show that the following
inequalities both hold:
a1 > (2m − 1)(c2 − 1) − 1, (7)
k < (m + 1)(a1 + 1) − 1
2
m(m + 1)(c2 − 1). (8)
Inequality (7) follows immediately from a1 >m2c2. To see that Inequality (8) holds, note that
m(a1 +m) (m + 1)(a1 + 1) − 1
2
m(m + 1)(c2 − 1)
holds, from which Inequality (8) follows by Lemma 3.2. 
The following theorem is the main result of this section.
Theorem 5.3. Fix an integer m 2. Suppose that Γ is a distance-regular graph with diameter D  2 such that
its smallest eigenvalue θD satisﬁes −m  θD < 1 − m. If intersection numbers a1 and c2 satisfy a1 > m2c2 ,
then the graph Γ is geometric (and θD = −m).
Proof. Suppose that Γ is a non-complete distance-regular graph satisfying −m  θD < 1 − m and
a1 >m2c2. Deﬁne lines as in Proposition 5.2, and for each vertex x ∈ V (Γ ), let Mx be the number of
lines containing x. By Proposition 5.2, we have Mx m. On the other hand, as any maximal clique C
satisﬁes |C | 1+ k/(−θD) < 1+ k/(m − 1),
Mx >
k
(1+ km−1 ) − 1
=m − 1
follows as every edge lies in a unique line, by Proposition 5.2. Hence, Mx =m for all x.
Let B be the vertex-line incidence matrix (i.e., the (0,1)-matrix whose rows and columns are
indexed by the vertex set and the set of lines of Γ , respectively, where the (x,C)-entry of B is 1 if
the vertex x is contained in the line C and 0 otherwise). Then BBT = A(Γ ) + mI holds, where BT
is the transpose of B and I is the |V (Γ )| × |V (Γ )| identity matrix. Since each line contains more
than m vertices, by a1 + 2 − (m − 1)(c2 − 1) > mc2 m, it follows by counting the number of ones
in B that the number of vertices is larger than the number of lines in Γ . This means that BBT is
singular. This implies that 0 is an eigenvalue of BBT and thus −m is an eigenvalue of A. As θD −m,
θD = −m. But then, every line has exactly 1 + k/m vertices as any maximal clique has cardinality at
most 1+ k/(−θD) = 1+ k/m, Mx =m for all x and each edge lies in a unique line. This proves that Γ
is geometric with θD = −m. 
Proof of Theorem 1.2. For given integers m 2 and D  2, let Γ be a non-geometric distance-regular
graph with diameter D and smallest eigenvalue at least −m. By Theorem 5.3, the intersection num-
bers a1 and c2 of Γ satisfy a1 m2c2. The result now immediately follows from Theorem 3.3 and
Theorem 1.1. 
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In this section, we will show Theorem 1.3. Before we do this, we ﬁrst need to consider Ter-
williger graphs which are distance-regular (i.e., distance-regular graphs without induced quadrangles).
A.E. Brouwer, A.M. Cohen and A. Neumaier [7, p. 36, Problems (ii)] asked whether it is possible to
classify the distance-regular Terwilliger graphs with intersection number c2  2. We will show in
Theorem 6.2 that for a ﬁxed integer m  2, there are only ﬁnitely many distance-regular Terwilliger
graphs with c2  2 and smallest eigenvalue at least −m.
For an integer α  1, an α-clique extension of a graph Γ is the graph Σ obtained from Γ by
replacing each vertex x ∈ V (Γ ) by a clique C(x) of α vertices, where for any x, y ∈ V (Γ ), x′ ∈ C(x)
and y′ ∈ C(y), x ∼Γ y if and only if x′ ∼Σ y′ .
Proposition 6.1. Suppose that Γ is a graph and that Σ is the α-clique extension of Γ for an integer α  1.
Then for each eigenvalue θ of Γ , (α(θ + 1) − 1) is an eigenvalue of Σ .
Proof. Let Π be the set of all α-cliques of Σ which correspond to the vertices of Γ , respectively. Then
Π is a uniformly regular partition of V (Σ) and the quotient matrix Q (Π) of Π satisﬁes Q (Π) =
αA(Γ )+ (α − 1)I . Hence if θ is an eigenvalue of Γ , then (α(θ + 1)− 1) is an eigenvalue of Q (Π). By
[14, Lemma 5.2.2], (α(θ + 1) − 1) is also an eigenvalue of Σ . 
A graph Γ with diameter at least 2 is called a Terwilliger graph if for any two vertices x, y with
d(x, y) = 2, the set Γ (x) ∩ Γ (y) induces a clique. In particular, any distance-regular graphs with
intersection number c2 = 1 are distance-regular Terwilliger graphs.
Theorem 6.2. Fix an integer m 2. Then there are only ﬁnitely many distance-regular Terwilliger graphs with
smallest eigenvalue at least −m and intersection number c2  2.
Proof. For a given integer m 2, suppose that Γ is a distance-regular Terwilliger graph with c2  2,
valency k and smallest eigenvalue θ −m. By [7, Theorem 1.16.3], for any vertex x ∈ V (Γ ), the local
graph Σ of x is the α-clique extension of a non-complete connected strongly regular Terwilliger
graph  for an integer α  1. Let η be the smallest eigenvalue of . Then by Proposition 6.1,
α(η + 1) − 1 is an eigenvalue of Σ and hence α(η + 1) − 1  −m as Σ is a subgraph of Γ and
Γ has smallest eigenvalue at least −m. As every connected non-complete strongly regular graph has
smallest eigenvalue at most −(1+ √5 )/2, we obtain
1−m − α
α
 η −1−
√
5
2
,
which immediately gives us
α  2(m − 1)√
5− 1 . (9)
By Lemma 4.1, any geometric strongly regular graph satisﬁes c2  2 and thus it is not a Terwilliger
graph by Lemma 4.2 (ii). Hence, it follows by Theorem 1.1 that there are only ﬁnitely many non-
complete strongly regular Terwilliger graphs with smallest eigenvalue at least −m. Hence, the va-
lency k is bounded above by a function of m by k = |V (Σ)| = α|V ()| and (9). The statement now
immediately follows from Theorem 3.4. 
Proof of Theorem 1.3. For a given integer m  2, suppose that Γ is a coconnected non-geometric
distance-regular graph with diameter D  2, smallest eigenvalue at least −m and intersection num-
ber c2 satisfying c2  2. If Γ is a Terwilliger graph, then we are done by Theorem 6.2. Now we may
assume that Γ contains an induced quadrangle. Proposition 3.6 implies that D <m2, from which the
statement follows by Theorem 1.2. 
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In this section, we will discuss geometric distance-regular graphs in more detail.
Let us ﬁrst return to the strongly regular graph case.
Recall that a partial geometry of order (s, t,α) is a partial linear space G = (P, L) of order (s, t)
such that for each point p ∈ P and for each line L ∈ L satisfying p /∈ L, there are exactly α lines
through p that meet L. For any partial geometry G = (P, L) of order (s, t,α) with t  1, the point
graph of G (i.e., its vertex set is P , and two vertices are adjacent if they lie on a common line) is
a strongly regular graph with intersection numbers k = s(t + 1),b1 = (s − α + 1)t, c2 = α(t + 1) and
distinct eigenvalues k, s − 1,−t − 1, see for example [5, Additional result 20f on p. 162]. As Delsarte
cliques in these graphs have size s + 1, it follows that each line (the set of points which lie on it)
forms a Delsarte clique and hence the point graph of a partial geometry of order (s, t,α) with t  1
is geometric. On the other hand, it is easy to see that a geometric distance-regular graph of diameter
two, is the point graph of a partial geometry of order (s, t,α) for some s, t,α. So these two notions
are equivalent for distance-regular graphs of diameter two.
As we already mentioned in Section 1, A. Neumaier showed that for a ﬁxed integer m 2, except
for a ﬁnite number of graphs, all geometric strongly regular graphs with a given smallest eigenvalue
are either Latin square graphs or Steiner graphs. Now the Latin square graphs (the Steiner graphs,
respectively) arrive as the point graph of a partial geometry of order (s, t,α) with α = t + 1 (α = t ,
respectively), see for example [8, Section 4].
As it follows from the above discussion that the point graph of a partial geometry of order (s, t,α)
is geometric with ψ1 = α,τ2 = t +1 and smallest eigenvalue −t −1, A. Neumaier’s result implies that
geometric strongly regular graphs with ﬁxed smallest eigenvalue −t−1−2 satisfy ψ1 ∈ {τ2, τ2 −1},
except for a ﬁnite number of cases.
Now, we return to geometric distance-regular graphs with diameter at least three. In Lemma 4.2 (i),
we have shown that c2  2 implies ψ1  τ2. Note that for the case c2 = 1, we have ψ1 = τ2 = 1 by
Lemma 4.1.
In the following result, we characterize geometric distance-regular graphs with diameter at least
three satisfying ψ1 = τ2  2. Note that the situation here is completely different from the case of
geometric strongly regular graphs, where such a characterization is impossible.
Theorem 7.1. Fix an integer m 2. Suppose that Γ is a geometric distance-regular graph with smallest eigen-
value −m and diameter at least three. If ψ1 = τ2  2, then one of the following holds.
(i) ψ1 = 2 and Γ is a Johnson graph.
(ii) ψ1 = 2 and Γ is the folded Johnson graph J (4D,2D) where D  3.
(iii) ψ1  3 and Γ is a Grassmann graph deﬁned over the ﬁeld Fψ1−1 .
(iv) ψ1  3 and k < ψ1(ψ1 − 1)m <m3 .
Proof. (i)–(ii): Assume that τ2 = ψ1 = 2. Then c2 = 4 holds by Lemma 4.1, and the subgraph
induced by the common neigbours of two vertices at distance 2 forms a quadrangle. Now, by
[7, Theorem 9.1.3], the graph Γ is either a Johnson graph or a quotient J (2s, s)/Π for some inte-
ger s  1, where Π is a uniformly regular partition of J (2s, s) and each part of Π has size 2. By
[7, Theorem 11.1.6], the partition Π must be a completely regular partition of J (2s, s), and hence
each part is a completely regular code of size 2 in J (2s, s). If C = {x, y} is a completely regular code
of size 2, then either d(x, y) = 1 or d(x, y) = s holds. The case d(x, y) = 1 only occurs if either s = 1
or a1 = 0. Hence the only completely regular codes of size 2 in the Johnson graph J (2s, s) are the
antipodal pairs (i.e., d(x, y) = s), and this shows that if Γ is not a Johnson graph then it has to be a
folded Johnson graph. For a folded Johnson graph J (2s, s), it is geometric with c2 = 4 if and only if s
is even and s 6 (cf. [2, Section 3]). This proves (i)–(ii).
(iii)–(iv): Assume that Γ is geometric with respect to C a set of Delsarte cliques, and τ2 = ψ1  3
holds. Set q := ψ1 − 1. Since Γ is geometric, each vertex of Γ lies in exactly m cliques in C and
k =m(|C |−1) holds where C ∈ C . As the diameter of Γ is at least three, it follows that m > τ2 = q+1.
If |C | q2 + q + 1 for any C ∈ C then, by applying [7, Theorem 9.3.9] (a result of D.K. Ray-Chaudhuri
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holds for C ∈ C , then k < ψ1(ψ1−1)m <m3. This shows that one of (iii) and (iv) holds. This completes
the proof of Theorem 7.1. 
The following corollary follows from Proposition 4.3 and Theorem 7.1.
Corollary 7.2. Fix an integer m 2. Suppose that Γ is a geometric distance-regular graph with smallest eigen-
value −m and diameter D  3. If ψ1 = τ2  2 holds, then the graph Γ is either a Johnson graph, a folded
Johnson graph, a Grassmann graph, or the number of vertices is bounded above by a function of m.
Note that the Hamming graph H(e, D) and the bilinear forms graph Hq(n, D) are geometric
distance-regular graphs with ψ1 = 1 = τ2 − 1 and ψ1 = q = τ2 − 1, respectively. In [13], Y. Egawa
showed that the Hamming graphs are characterized by their intersection numbers, and K. Metsch
[18] showed that the bilinear forms graph Hq(n, D) is characterized by their intersection numbers
if n  D + 4  7, by generalizing results of T.Y. Huang [16] and H. Cuypers [10]. As far as the au-
thors know, there is no local geometric characterization known (as in the case of the Johnson and
Grassmann graphs) of neither the bilinear forms graphs nor the Hamming graphs.
We close this section with three conjectures concerning geometric distance-regular graphs.
Conjecture 7.3. For a ﬁxed integerm 2, there are only ﬁnitely many coconnected geometric distance-regular
graphs with smallest eigenvalue −m and ψ1  τ2 − 2.
Conjecture 7.4. For a ﬁxed integer m 2, any geometric distance-regular graph with smallest eigenvalue −m,
diameter D  3 and c2  2 is either a Johnson graph, a Grassmann graph, a Hamming graph, a bilinear forms
graph, or the number of vertices is bounded above by a function of m.
Conjecture 7.5. For a ﬁxed integer m  2, the diameter of a geometric distance-regular graph with smallest
eigenvalue −m and valency at least three is bounded above by a function of m.
Remark 7.6. (i) Conjecture 7.4 is shown for ψ1 = τ2  2 in Corollary 7.2. It is known that it is true
for m = 2, but in the case c2 = 1 we also have the even polygons. This follows from the result of
Cameron et al. for regular graphs with the smallest eigenvalue −2, as mentioned in the Section 1,
and the classiﬁcation of distance-regular line-graphs, see [7, Theorem 4.2.16]. The second author [1]
has shown it for m = −3.
(ii) Conjecture 7.5 is shown for c2  2 in Proposition 4.3. In [22, Problem 3.1.1], H. Suzuki asked a
similar question.
Acknowledgments
J.H. Koolen was partially supported by the Basic Science Research Program through the National
Research Foundation of Korea (NRF) funded by the Ministry of Education, Science and Technology
(grant number 2009-0089826) and he was also partially supported by the Priority Research Centers
Program through the National Research Foundation of Korea (NRF) funded by the Ministry of Educa-
tion, Science and Technology (grant number 2009-0094069). S. Bang was supported by the National
Research Foundation of Korea (NRF) grant funded by the Korea government (KRF-2008-359-C00002).
We would like to thank the anonymous referees for their comments as their comments greatly im-
proved the paper. Also we would like to thank Jong Yook Park for his careful reading of the paper.
References
[1] S. Bang, Distance-regular graphs without 4-claws, in preparation.
[2] S. Bang, A. Hiraki, J.H. Koolen, Delsarte clique graphs, European J. Combin. 28 (2007) 501–516.
[3] S. Bang, A. Hiraki, J.H. Koolen, Delsarte set graphs with small c2, Graphs Combin. 26 (2010) 147–162.
584 J.H. Koolen, S. Bang / Journal of Combinatorial Theory, Series B 100 (2010) 573–584[4] S. Bang, A. Dubickas, J.H. Koolen, V. Moulton, There are only ﬁnitely many distance-regular graphs of given valency greater
than two, arXiv:0909.5253v1, 2009, submitted for publication.
[5] N. Biggs, Algebraic Graph Theory, second edition, Cambridge University Press, Cambridge, 1993.
[6] R.C. Bose, Strongly regular graphs, partial geometries and partially balanced designs, Paciﬁc J. Math. 13 (1963) 389–419.
[7] A.E. Brouwer, A.M. Cohen, A. Neumaier, Distance-Regular Graphs, Springer-Verlag, Berlin, 1989.
[8] P.J. Cameron, Strongly regular graphs, in: L.W. Beineke, R.J. Wilson (Eds.), Topics in Algebraic Graph Theory, in: Encyclopedia
Math. Appl., vol. 102, Cambridge University Press, Cambridge, 2004, pp. 203–221.
[9] P.J. Cameron, J.M. Goethals, J.J. Seidel, E.E. Shult, Line graphs, root systems, and elliptic geometry, J. Algebra 43 (1976)
305–327.
[10] H. Cuypers, Two remarks on Huang’s characterization of the bilinear forms graphs, European J. Combin. 13 (1992) 33–37.
[11] F. De Clerck, S. De Winter, E. Kuijken, C. Tonesi, Distance-regular (0,α)-reguli, Des. Codes Cryptogr. 38 (2006) 179–194.
[12] P. Delsarte, An algebraic approach to the association schemes of coding theory, Philips Res. Rep. Suppl. 10 (1973).
[13] Y. Egawa, Characterization of H(n,q) by the parameters, J. Combin. Theory Ser. A 31 (1981) 108–125.
[14] C.D. Godsil, Algebraic Combinatorics, Chapman and Hall Math. Ser., Chapman and Hall, New York, 1993.
[15] C.D. Godsil, Geometric distance-regular covers, New Zealand J. Math. 22 (1993) 31–38.
[16] T.Y. Huang, A characterization of the association schemes of bilinear forms, European J. Combin. 8 (1987) 159–173.
[17] A.A. Ivanov, Bounding the diameter of a distance-regular graph, Soviet Math. Dokl. 28 (1983) 149–152.
[18] K. Metsch, On a characterization of bilinear forms graphs, European J. Combin. 20 (1999) 293–306.
[19] A. Neumaier, Strongly regular graphs with smallest eigenvalue −m, Arch. Math. (Basel) 33 (1979/1980) 392–400.
[20] D.K. Ray-Chaudhuri, A.P. Sprague, A combinatorial characterization of attenuated spaces, Utilitias Math. 15 (1979) 3–29.
[21] H. Suzuki, Distance-semiregular graphs, Algebra Colloq. 2 (1995) 315–328.
[22] H. Suzuki, An introduction to distance-regular graphs, in: K. Shinoda (Ed.), Three Lectures in Algebra, in: Sophia Kokyuroku
in Math., vol. 41, 1999, pp. 57–132.
[23] P. Terwilliger, Distance-regular graphs with girth 3 or 4, I, J. Combin. Theory Ser. B 39 (1985) 265–281.
[24] R.M. Wilson, Nonisomorphic Steiner triple systems, Math. Z. 135 (1973/74) 303–313.
